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Abstract 

The classical Einstein's gravity can be reformulated from the constrained U(2,2) gauge 
theory on the ordinary (commutative) four- dimensional spacetime. Here we consider a non- 
commutative manifold with a symplectic structure and construct a U(2,2) gauge theory on 
such a manifold by using the covariant coordinate method. Then we use the Seiberg-Witten 
map to express noncommutative quantities in terms of their commutative counterparts up 
to the first-order in noncommutative parameters. After imposing constraints we obtain a 
noncommutative gravity theory described by the Lagrangian with up to nonvanishing first 
order corrections in noncommutative parameters. This result coincides with our previous 
one obtained for the noncommutative SL(2, C) gravity. 
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1 Introduction 



The concept of noncommutative spacetimes was first introduced by Snyder [1] in order to 
solve the divergence problem of the quantum field theory. However, this difficulty was not 
overcome completely within the framework of noncommutative spacetimes. Although it 
could provide an ultraviolet cutoff, the noncommutative spacetime gave rise to some other 
troubles, such as the well-known UV/IR mixing [2]. Since the technique of renormaliza- 
tion was proposed, the noncommutative attempt was not popular for a long time, until 
the 1990s, when Seiberg and Witten [3] suggested that the D-brane dynamics under a B- 
field background can be described by a noncommutative field theory, which connects the 
noncommutative spacetime with the string theory and also revives the idea of spacetime 
noncommutativity. As it was known, the noncommutative field theory was considered on 
the other hand to be a good candidate to describe the physics with the scale less than 
the Planck's. For the recent progress on the noncommutative issue, see, for instance, some 
reviews [4, 5, 6]. 

The noncommutative formulation of gravity has been considered [7] to be a necessity 
for quantization of gravity, and some interesting approaches have been suggested to give 
a noncommutative gravity in which the noncommutative properties are presented by the 
Moyal-Weyl product [8]. For an overview, let us give a brief summary on the approaches. 
Within the framework of the gauge theory of gravity, a kind of deformation of the grav- 
ity theory is constructed [9] by gauging the noncommutative SO (1,4) de Sitter group and 
contracting it to 750(1,3) by the Seiberg- Witten map [3], and another effort [10] is made 
to build the 50(1,3) noncommutative formulation of gravity. In refs. [11, 12] the non- 
commutative formulation of gravity is realized by breaking the gauge group [7(2,2) into 
[7(1, 1) <g) [7(1, 1) in terms of constraints. From a quite different point of view, the theory of 
gravity and its noncommutative extension can be expressed in a GL(2, C) formulation with 
complex vierbeins [13]. In ref. [14] a noncommutative formulation of gravity is given by a 
class of restricted diffeomorphism symmetries that preserves the noncommutative algebra. 
Moreover, a gravity theory on noncommutative spaces is proposed [15, 16] in terms of a 
twisted diffeomorphism algebra from a purely geometrical point of view. We note that the 
noncommutative formulations of gravity mentioned above are worked out on the so-called 
canonical noncommutative spacetime with constant noncommutative parameters 6^ u . 

The noncommutative gravity related to coordinate-dependent noncommutative param- 
eters has also been discussed. For instance, the noncommutative theory of gravity is con- 
structed [17] based on the work of ref. [14] on a noncommutative spacetime with the Lie 
algebraic structure, which is in fact a special case of a Poisson manifold. Furthermore, an 
SL(2, C) formulation of gravity on the noncommutative space with symplectic manifolds is 
proposed [18] by us in light of a different starting point from that of refs. [11, 12]. Because 
the field strength defined by the way of refs. [11, 12] is of no gauge invariance on the symplec- 
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tic manifold, we thus utilize the covariant coordinate technique [19] to construct covariant 
actions in our previous work [18] and in this work as well. 

The present paper focuses on the {7(2, 2) gravity on the noncommutative space with the 
symplectic structure. In the next section, we give a brief introduction on how to construct a 
gravity theory from a {7(2,2) gauge theory with constraints on the commutative (ordinary) 
spacetime. Section 3 is the main context of this paper and it contains three subsections. In 
the first subsection, we give the gauge invariant action of the noncommutative {7(2,2) gauge 
theory on the symplectic manifold. In the second we expand the star product to the first 
order in noncommutative parameters and calculate the lagrangian of the noncommutative 
{7(2,2) gauge theory (see eq. (61)) which is expressed totally by noncommutative gauge 
fields to the same order. At last in the third subsection we first apply the Seiberg-Witten 
map 1 to establish a relation between noncommutative quantities and their commutative 
counterparts, and then by imposing constraints and breaking the group we obtain the non- 
commutative {7(2,2) gravity in which the Lagrangian is given up to first order corrections 
in noncommutative parameters. Finally we make a conclusion in section 4. 



2 Gravity based on U(2,2) gauge group 

Let us at first give a brief introduction to the gravity model based on the gauge group 
{7(2, 2) with constraints [11, 12]. The {7(2, 2) group is a Lie group of complex 4x4 matrices 
U satisfying the following condition: 

tffjU = rj, (1) 

where f] = diag(+ H ). Therefore, some basis of the corresponding Lie algebra u(2,2) is 

given by 16 linear independent matrices A satisfying the relation: 

At = fj\f). (2) 

In the Dirac-Pauli representation with 70 = — ifj, one can choose the following set of matrices 
t 1 , 7 = 1,..., 16, as the basis of w(2, 2): 

(1, 275, i-f a , ry a 7 5 , ry a6 ) , (3) 

where 75 = 270717273 and ~f ab = §[7 a ,7&] wi th gamma matrices j a , a = 0,1,2,3, satisfying 
the Clifford algebra 

{7«, lb] = ZVab, Vab = diag(- + ++), (4) 

1 Wc have two intentions to apply the Seiberg-Witten map: One is to get a noncommutative action 
represented completely by commutative quantities, and the other is to use the constraints (eq. (66)) for 
breaking the symmetry group and deleting the redundant degrees of freedom. The latter is just a technique 
in calculation we adopt in the present paper. The Seiberg-Witten map ensures that we can add constraints to 
the corresponding commutative quantities. Incidentally, the Seiberg-Witten map was utilized in refs. [11, 12] 
in a different way from ours, i.e. after the addition of constraints. 
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where {•, •} stands for an anticommutator. 
The gauge field is Lie algebra valued: 



A* = S + ib^ 5 + ie a ^ a + if ^5 + ^ lab- (5) 
The field strength is defined to be 

= d^A v - d v A^ -i[A^ A v \ . (6) 
It can be decomposed in terms of the it(2,2) algebra generators (eq. (3)) as 

F, v = F\ v + iF%is + iF; vla + iFf vla ^ + -Ff vlah , (7) 
where the components are given by 

F^ u df/,Q>v d u ci^, 

F^ u = d^b v d u b^ + 2e^f ua 2e u f^ a , 

F a , v = d,e:-d u e*+ufe ub -u?e, b + 2f«b u -2fZb,, 

F;l = dj:-dj; + u; b U-u: b f, b + 2e«b u -2e a u b„ 

F;l = d,u;f-d u u; b + u; c uJ-^ c uJ + 8e;el-8fX- (8) 

Under an infinitesimal gauge transformation, the gauge field A^ and its strength F^ u 
transform as follows: 

5 K A^ = <9 M A + i [A, Afj\ , (9) 
8 A F^ = i [A, F/m] , (10) 

where A = A/r 7 is an infinitesimal transformation parameter. Thus it is not difficult to 
write a gauge invariant action 

r d 4 xe^Tr( l5 F^F pa ). (11) 

In terms of the component expressions of F^ u (see eq. (8)), together with the trace identities 
of the gamma matrices, the action eq. (11) can be rewritten as 

S = - Jd 4 x <r>° (*Fl v F% + \e abcd F%F^ . (12) 

When one imposes the constraints 

a, = b, = 0, fl = *e^ F;„ = 0, (13) 

which break the gauge group {7(2, 2) into SO(l, 3) with an additional {7(1) global symmetry, 
the action eq. (12) becomes 

S = -\j d A x e^e abcd (r* + 8 (l - a 2 ) e«e^ (x£ + 8 (l - a 2 ) e c /)j , (14) 



where the curvature tensor R ab v = d^uj^ b — d v uj ab + uj a ^uj v b — uiffu)^. For the case a — 1, 
eq. (14) gives the topological Gauss-Bonnet term. For the case a ^ 1, it gives, besides the 
topological Gauss-Bonnet term, the classical Einstein action plus a cosmological term. 

In the next section, we generalize this formulation of gravity to a noncommutative space 
with a symplectic structure. 

3 Noncommutative version of gravity on symplectic 
manifold 

Consider a manifold M on which a Poisson bracket is defined: 

{f(x),g(x)} Poisson = 9^{x)d li f{x)d v g(x), (15) 

where Q pv = —Q Vii is a Poisson bivector and f(x) and g(x) are arbitrary functions on M. 
The Jacobi identity of the Poisson bracket imposes the following condition on the bivector 
6^(x): 

o^{x)d p o ua {x) + e up {x)d p e^{x) + e ap {x)d p e^(x) = o. (16) 

A manifold with such a Poisson structure is called a Poisson manifold. Consider a special 
case in which the functions f(x) and g (x) are coordinates, and we get the following relations: 

{x»,X»} Poisson = 9<"(x). (17) 

In the quantum theory, the Poisson bracket is replaced by a commutator. Then we arrive at 
a noncommutative manifold with the following commutation relations 2 : 

[x^x v } = ie pu {x). (18) 

As dealt with to the SL(2,C) gravity in ref. [18], here we still suppose that the bivector 
9 p ' u {x) is nondegenerate; therefore, we can define its inverse 6 pv {x) as Q^Qyp = 5%. By using 
the Jacobi identity (eq. (16)), we can show that the two-form O = ^O^dx^ A dx u is closed 

2 Note that 9^ v satisfies the Jacobi identity even though it is a function of operators. Alternatively, when 
we go from the operator product to the star product along the Weyl deformation quantization procedure, 
higher order terms will appear: 

[x»,x v ]+ = W-\i6^(x)) = ie^(x) + 0(6^(x)), 

where W~ x is the inverse of the Weyl map; see ref. [20]. Therefore, it is the term i9^ v {x) + 0(0^ {x)) rather 
than the term i9^ u {x) that satisfies the Jacobi identity. However, we do not consider the higher order terms 
O(0^ v (x)) in the present paper. Note also that has the order of —1; sec eq. (25) and the explanation 
below it. As a result, there are no higher order terms in eqs. (56)-(60), and consequently the higher order 
correcting terms of 9^ v do not affect our results. 
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(dQ = 0) and thus prove that the manifold is symplectic. In this paper we shall restrict our 
discussions on the noncommutative spacetime with the symplectic structure. 

According to Kontsevich's deformation [21], there exists an associative star product 
between functions to a given Poisson bivector tiU (x) and the star product can be written as 

f{x)*g(x) = f(x)g(x) + l -9^(x)dJ(x)d 1/ g(x) + O(0 2 ). (19) 

Note that it is not unique for higher order terms. In order to avoid this ambiguity we shall 
restrict our discussions only to the first-order in 6^{x). We shall see in subsection 3.3 that 
this restriction is consistent with the first order Seiberg-Witten map to the noncommutative 
C/(2, 2) gravity. 

In the following subsections we construct a gravity model based on the constrained 
[7(2, 2) gauge group on the noncommutative spacetime depicted by eq. (18) with the sym- 
plectic structure mentioned above. 

3.1 Construction of noncommutative gravity 

Because of coordinate dependence of 9^(x), we cannot define a gauge field strength which 
transforms covariantly simply by using the method adopted in the commutative case. Here 
we can follow the covariant coordinate approach 3 which was proposed in ref. [19] and has 
been applied [18] by us to the SL(2, C) gravity. The covariant coordinate is defined as 

X» = x n + i>, (20) 

where all the quantities are matrices, and it complies with the gauge transformation: 

<5 A (i^*£) =iA*(X M *^), (21) 

where ^ is an arbitrary matter field with the gauge transformation 

5 A ^ = ik ★ i. (22) 

From eqs. (21) and (22), we get the gauge transformations of the field B^: 

5 A B» = i[A,x»l + i[A,B»l 

= 0^d u A + i[A,B%, (23) 

and that of the covariant coordinate X^ by using eq. (20), 

S A X^ = t[A,X^. (24) 

3 Because of the coordinate dependence of the Poisson tensor, it is hard to define the covariant derivative 
straightforwardly. Despite some work following the covariant derivative approach [20] , the covariant coordi- 
nate approach that has been utilized in refs. [19, 17] is quite straightforward. Here we find that it is an easy 
way to realize our idea. 



5 



The noncommutative gauge filed A^ is denned as [17, 19] 

K = O^B", (25) 

where 9 pu is the inverse of 9 pv and can be considered as of order (O^)^ 1 when we count the 
power of 9^ u . Using eq. (23) and eq. (25), we can derive the gauge transformation of the 
gauge field A^ up to the first order in 9 pv : 

5 k A, = d,A + i[A, A,} - V CT {<9 A A, d„A,} - ^ a 9^dJ afS {d x A, A?}. (26) 

In light of the covariant coordinate approach [19], we first define a rank-two tensor F pv 
composed of the covariant coordinates and of the noncommutative parameters in order to 
obtain the field strength, 

F^ = -idX^X^-ie^iX)), (27) 

where 9 fJ,u (X) is the Poisson tensor (eq. (15)) in which x has been replaced by X in order for 
F^ u to be a function of covariant coordinates. Because of eq. (24) and the gauge transfor- 
mation of 9 pu (X), i.e. 5 k 9 pv (X) = i[A, 9 ,MU (X)] ir , the gauge transformation of this rank-two 
tensor F^ v takes the form 

5 K F^ = i[A, F""]*. (28) 

Now it is time to look for the relation between the rank-two tensor F^ u and the gauge field 
strength F^ v . In the case of the canonical noncommutative space where the noncommutative 
parameters are constant, the relation is trivial: F^ v = 9 pp 9 va F pa . But in our case where 
the parameters are coordinate-dependent, we should modify the relation to ensure that the 
gauge field strength F pu transforms covariantly: 

8 A F^ = i[A, F^l. (29) 

In order to achieve this goal, one can introduce [20] such a function 9 fMU (X) that has the 
following transformation: 

5 A V(X)=i[A,V],. (30) 

Consequently, if it is defined by 4 

Ffj, u = 6n\*9va* F Xa , (31) 

the gauge field strength satisfies the transformation property eq. (29). In the next subsection, 
we can see the function 9 fil/ (X) indeed exists and we shall give its expansion expression. 

4 Because of the noncommutativity of the star product there are other possibilities to define the field 
strength, such as F pu = 9 l _ L \*F Xo ' -k9 va or F^ v = F Xa '•k9 ll \-k9 V(T . Here we just choose the most understandable 
form. 
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Now it is straightforward for us to write a gauge invariant action on the noncommutative 
spacetime with the symplectic structure: 

S = ijd 4 x (det0"T* e^Tr ( 75 F^ * F p ^j , (32) 

where the symplectic volume form (det9^ u )~^d 4 x appears naturally. 5 This factor guarantees 
the trace property of the integral [22, 20, 18]: 

J d 4 x (detO^y* f(x)*g(x) = J d 4 x (detO^y? g(x) *f(x) = J d A x (detflT* f(x)g(x), 

(33) 

where f(x) and g(x) are arbitrary functions. With this property, it is easy to prove the 
gauge invariance of the action (eq. (32)). 



3.2 First-order approximation 

On the basis of the action of noncommutative gravity on the noncommutative manifold, we 
now compute the first-order correction for the Lagrangian by using the expansion of the 
star product and the Seiberg-Witten map. From eq. (32) we know that it is enough to 
calculate the gauge field strength F M „ up to the first order in 9^ v (see eqs. (56)- (60) or their 
Seiberg-Witten maps upon which constraints imposed, eqs. (69)- (73)). 

First let us express F^ u in terms of A^x) and 9 lxv {x) by substituting eqs. (20) and (25) 
into eq. (27) and expanding 9^{X) to the third order in 6 ttv {xf: 

P"" = e» x e™{d x A a - d a A x - i[A x , A a }) + ±&*ereP>{d s A x , d v A a } 

+^ x d v 9™9 5r >{d s A x , A a } + U 6 9^8 5r >{A x , d v A a } 
+^ds9^d rj 8^8 5r '{A x , A a } + U Xa 9^d x dJ^{A a , A?}, (34) 

where A^ can be expressed in terms of the u(2, 2) algebra generators to be 

A, = Al + iAfa + iA« la + iAf lalb + l -A* lab . (35) 

In order to have the expansion of the field strength, according to its definition, eq. (31), we 
need the expansion of the tensor 9^. The latter has been given in ref. [20] as follows 7 : 

9^ = V + 9 pa d p 9^A, + 0(9^). (36) 

5 (dct 9^)^^ d 4 x is the natural volume form of a symplectic manifold, like the Liouville measure 
(2nh)~ 1 dpdq of the phase space. Therefore the geometric meaning is obvious. 

6 The purpose of expanding 6^ V (X) to the third order in 9^ v {x) is to ensure the following expansion of 
the gauge field strength F^ u up to the first order in 9^ v . See eq. (31). 

7 In order to derive the first order in 9^ v for the field strength, it is enough to expand 9^ to the zeroth 
order in 9^ v . This is a quite usual treatment, see ref. [20] for details. 



7 



Note that in order to make the Lagrangian of the noncommutative U (2, 2) gauge theory (see 
eq. (61)) be written totally by noncommutative quantities we have replaced A a with A a in 
the above equation if comparing with the original equation given in ref . [20] . This is only a 
technique in calculation which will not affect our final result due to the Seiberg-Witten map 
between A a and A a (see eq. (64)), and due to the corrections for the gauge field strength 
Fp,, just up to the first order in 9^ v as well. 

Second, with eqs. (31), (34) and (36) we can calculate the noncommutative field strength 
in terms of noncommutative gauge fields up to the first order in 9^ as follows: 

F» v = P, u + U^{d a A„ d p A u } - l -6 U(J dp6 x °6^{d a A^ A x } + ^ x d a x °9 a P{A a , d p A u } 

+ l -e w e ua d 5 e^d^e^{A a ,A p } + ±9 w e l/<T e Sa p>< , d s d v 9<"{A a ,A fl } 
+ l -0 X5 d x e, p d s e^F au + l -e X5 d x e ua d s e^F^ + l -e X5 d x e^ a d s F au 
+\e X5 d x e va e^d 5 F^ + % -e x& d x e w d 5 e ua e pa e^F aP + 9 xs d x 9 w 9< }a A s P au 

+9 x5 d x 9 ua 9^A s P^, (37) 

where P^ = d tl A v — d u A p — A,] and it can be decomposed in terms of the u(2,2) 
algebra generators: 

F, v = P\ v + iP% lh + iP; vla + iP;l lal , + -Ff vlah . (38) 

Since we consider a £7(2,2) gauge theory on noncommutative spaces, we can decompose 
F^ into the following form in terms of u(2, 2) algebra generators: 

F,„ = Fl + iF^-yt + %P; vla + iF£ lal , + % -P; b ulah . (39) 

Here we introduce some notions to represent long formulas for the sake of convenience. 
Suppose G and H are two quantities valued in the algebra u(2, 2): 

G = G 1 + tG 5 l5 + tG a la + iG a5 7a75 + l -G ab lab , (40) 

H = G 1 + iH 5 ^ + iH a la + iH a5 lal5 + l -H ab lab . (41) 
When we define a function 

P(G, H) = GH = P 1 + iP 5 l5 + iP a la + tP a5 lal5 + % -P ab 7ab, (42) 
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we can use the Clifford algebra to compute all the components of P(G, H): 



P\G,H) 


= G l H l - G 5 H 5 - G a H a + G a ^Hl + -G ab H ab , 

8 


(43) 


P 5 {G,H) 


= G'H 5 + G'H 1 + %G a El - tG a5 H a + --G ab H cd e abcd , 

lb 


(44) 


P a (G,H) 


= G l H a + G a H 1 - iG 5 H a5 + iG a5 H 5 - -G b H ab + -G ab H b 

2 2 


(45) 




^fifi rrk r a ^/^ibcTjdb^ a 

~4 bcd ~ 4 fecd ' 


(40 j 


P °(G, H) 


= G H + G H — iG H + iG H° + -G HI G£if 


(47) 




1 1 

H e bcd ~ 4 G ^ e bcd J 


(48) 


P ab {G, H) 


= AiG a H b - AiG a5 H b5 + G x H ab + G *// 1 - 2G c H d5 e cd ab 


(49) 




+2G c5 H d e cd ab - l -G^E cd e cd ab - ^G cd H 5 e cd ab + iG ac H b . 


(50) 



Using eqs. (35) and (38) and the definition of F^, we first derive the components of F pv : 
F\ v = d„Al-d u Al (51) 

Fl = d,Al-d u Al + 2A;Al a -2A a u Al a , (52) 
f; u = d,Ai-d v Ai + A^A ub -A ab A, b + 2AfAl-2AfA% (53) 

f?ab o 405 _ o Xa5 , Jab J 5 _ 2ab 25 , 9 Jo 25 _ 9 4a fp-^N 

= d.if-^ + i^-^ (55) 
and then obtain the components of F pv by using eq. (37): 

K„ = F^ + ^p^id^d^-U^d^e^p^id^J,}) 

+ l -e, x dj^e^p\{A^dpA u }) + l -9 pp 9 ua d s 9P a d ri 9^9^p\{A a ,A^) 
+ l -e lip e ua e 5a e^d s d ri e^p\{A ct , A?}) + l -9 xs d x 9 pp d 5 9^Pl + l -e xs d x e ua d s 9^P^ 



+-0 X5 d x 9 fip 6» a d s Fl + -9 x5 d x 9 ua 9^d s P^ + -9 xs d x 9 pp d 5 9 ua 9^ P^ 
+9 xs d x 9^ a P\A 5 , P au ) + 9 x5 d x 9 ua 9^P\A 5 , Ftf), (56) 

+ l -9 pX dj x °9 a Pp\{A a ,dpA y }) + l -9 pp 9 ua d s 9P a d ri 9^9^P\{A a ,Ap}) 

+ l -9 pp 9 ua 9 Sa 9^d s d ri 9 p °P\{A a , A }) + l -9 x8 d x 9 pp d 5 9? a Fl + l -B^d x d va d^F^ 



+^ A5 5a V^i^, + l -9 xs d x 9 ua 9^d s F^ + % -9 x& d x 9 pp d & 9 V(J 9^F^ 



+9 M d x 9 fip 9^P%A s , F av ) + 9 Xd d x 9 u J^P b (A s , F^), (57) 
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f% = K + ^(M. <M-» - \o v ,d^e^p a {{d a A^ A x }) 

+ l -e, x d a e x °6^p a {{A a ,dpA u }) + l -e N AM pa d r ,e^e^p a {{A a ,A^) 

+\e, p e l/a e Sa 9^d s d v e^p a ({A a , A?}) + l -e xs d x e pp d 5 e^P a av + l -e xs d x e va d 5 e^P^ 

+\e X5 d x e^ a d 5 F« v + % -e^d x e va ^d s F^ + l -e xs d x e pp d s e ua e^P a aP 
+e xs d x e lip e<> a P a (A s , P au ) + ^a^p* A, P^), (58) 

C 5 = + ^ Q/3 P a5 (Ri M , c^A,}) - l -6 ua d p 6 x °6^P a \{d a A», A x }) 

+^ x d a e x °e a Pp a5 ({A rT ,dpA u }) + ^e w e Vff d s e pa d TI fffi e Sr 'P a5 ({A a ,A p }) 
+^e pp e u j 5a 9^dsd v e^p a5 ({A a ,A l3 }) + ^d^^d^Pt + l -e X5 d x e va d & e^P;l 
+ l f xs d x e w e? a d s P? u + % -^d x Q va ^d h P% + l -e X5 d x e pp d s e ua ep a e^P^ 

+6 x5 d x 6 pp 9< }a P a5 (As, P a u) + # A5 d A ^^P a5 (i 5 , Ftf), (59) 

+ l -e pX dj x °e a Pp ab {{A a ,dpA u }) + ^0 w 0,0^^6^p^({^, A,,}) 
+^ /ip ^^^a 5 a r) ^p ab ({i Q ,i /3 }) + l -e xs d x e pp d s e^Pt + l -e X5 d x e V(J d 5 e^P;l 
+\e X5 d x e pp 9P a d s P a t + l -e X5 d x e u j^d & P;l + ^dxe^dse^e^P^ 

+6 x5 d x 6 pp 6< }a P ab (As, P au ) + B^dxe^P^iAs, Ftf), (60) 

where P({G, P}) = P(G, P) + P(P, G). 

Substituting all the components of F pu into eq. (32), we finally have the Lagrangian of 
the noncommutative U(2,2) gauge theory to the first order in 9^: 



(61) 



where P^, P^ CT , and P^ are given by eqs. (56), (57) and (60), respectively Although it is 
not written in an explicit form, this equation is still useful. On the one hand, in light of its 
formulation we can discuss the classical limit of the deformed action below. On the other 
hand, it is the base for us to write down an explicit action in eq. (74) after we consider the 
Seiberg-Witten map. 

Strictly speaking, there is no commutative limit of the above action for an arbitrary 
symplectic tensor because of the presence of the factor (det6"^) _ 2. But we can deduce the 
commutative limit for some special case in which the fluctuation of symplectic tensor is much 
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smaller than the symplectic tensor itself. We can first take a limit of a constant symplectic 
tensor and then let the constant tend to zero. A similar phenomenon also happens [18] 
to the noncommutative SL(2,C) gravity, which might be common in the construction of 
noncommutative gravity through the covariant coordinate approach. For more explanations, 
see the reference. 

3.3 Seiberg-Witten map 

From the above discussions, we can see that there appear additional degrees of freedom 
besides the vierbein e p = A® and the spin connection Qj a p = A ^ . Nevertheless, we can 
reduce the number of degrees of freedom through imposing constraints like eq. (13) after we 
use the so-called "Seiberg-Witten map" [3] which connects noncommutative variables with 
commutative ones. In principle, the map can be calculated to any order in . However, 
we compute it only to the first order for the sake of investigating its primary correction and 
of making it consistent with the expansion of star product eq. (19). 

For the transformation parameter A and the field B^, the map has been provided in 
ref. [20] up to the first order in 6^: 

A = A + ^{d p A,A u }, (62) 
B» = 6^A v - l -6 p °{A p ,d a (6^A u ) + 6^F au }. (63) 

The map between A^ and A^ can now be obtained from eqs. (25) and (63): 

4 = A* " \ dXa i A ^ + F ^} - \o^d a 9^{A x , A s }, (64) 

which, together with eqs. (31), (34) and (36), leads to the Seiberg-Witten map of the field 
strength also to the first order in 9 pu : 

-\e w d a 6p°e^\F uu ,Ap\ + l -e^d a e w d^F av + l -e^d a e va d^F pp 
+ % -e^e^d a e, p d p F au + l -<y#&"d a e v<T d p F pll + % -e^d a e pp d p e ua e^ 5 F xs 

+\o fip 9 I/a 9 Xa e^d x d 5 e^{A a , Ap}, (65) 

where DpF\ a = dpF\ a — i[Ap, F^]. Now the noncommutative field strength F pu has been 
expressed by the usual gauge field and its strength. In order to delete extra degrees of 
freedom, we now consider the addition of constraints. 8 As it is convenient to choose similar 

8 Theoretically, one can also impose the constraints on the noncommutative variables, but practically it 
is hard to solve these constraints and to reduce the number of degrees of freedom. 
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constraints to that in the commutative case, i.e. eq. (13), we impose the following constraints 
in the noncommutative case: 



^ii — A 5 U — 0, 



a ah 



,. n.i;, /•;;,. o. (66) 

Therefore, with the component formulations of A p and F^, i.e. A p = A 1 + iA^ 75 + iA ar y a + 
iAf lalb + \Af lah and F pv = + iF%^ + iF« vla + zi^ 5 7a75 + \Ff vlah , we simplify ^ 
and F pv to be 



iA« 7a + 10^7-75 + T<7afe, 



. 1 /iiy lab- 



(67) 
(68) 



Substituting eqs. (67) and (68) into F pu (eq. (65)) and decomposing the field strength 
in terms of the u(2,2) algebra generators, or in an alternative way, i.e. directly substituting 
the Seiberg-Witten map of A p (eq. (64)) into the components of F pv (eqs. (56)-(60)) and 
then imposing the constraints eq. (66) upon the components, we work out the expansions 
of the components of F pv in terms of the usual gauge field and its strength up to the first 
order in 9^: 



F 1 

pv 



\e a "F; b a F uPab - V 



(l - a 2 ) A aa Ff v Afi h + -A aab F£ b + -A a b F™Ap cb 



+ \e w 9 va 9 ya ^d x d s e pa 



{a 2 - 1) Al A? a + -A* At 



, (69) 



pa 
pv 



^ia5 

pU 



1 O af *F%F$e abcd - {AZdpFg + A*A^F$) e abcd 



16 



+^ P 0uJ Xa O^d x d s 9^A a a b Afe abcd , 



(70) 



(A d a ApXt + \^HeF% - A d a d^ e bcd a - l -9 va dJP°9^ F f p A, b 



■fa p d a 9^F? a Ap b - ^9, p 9 va 9 Xa 9 s ^d x d s 9^A d a Afe bcd a , 



(71) 



-V (A d a ApXl + U b a c Ap e F% - A d a d,F b : ) e bcd a - -a9 ua d^ 9^ Ff p A, b 



- l -a9^d a 9^Ff a A pb - ±9, p 9 ua 9 Xa 9 s Pd x d s 9^A d a A%e bcd a , 
F;l = Ft - i9 ua d a 9^9^F^ A g b - i9, p d a 9^9 a ?F%A 8c b + % -9^d a 9 pp d^ a F[ 



(72) 



' < n ' r pp "I" 2° ' °' U <* a W U P F w + 2^ a/3 ^ ~ a -v<T~p- pp 



pab 
au 



+^ aP dJ va d.9P a Ff u + % -9^9^dJ pp dsFt + % -9 a He°d a 9 V(T df i F i 



ab 



+-e^d a 9, p d p .9 v J? x 9° & F« b 



(73) 



_ ™f> , ™6(1) 
pv ' pv 1 

where F p b = R ab + 8(1 — a 2 )e a ^ v and F p t^ denotes the first-order correction to Fj£. From 
the component expressions of F pu (eqs. (69)-(73)), we see that the Lagrangian (see eq. (61)) 
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can be expressed only by the independent degrees of freedom, i.e. the vierbein = and 
the spin connection ui® b = A ab . Moreover, we notice from eqs. (69) and (70) that and 
F^ v contain exclusively the first-order corrections, and as a consequence their product, i.e. 
the first term in the Lagrangian (eq. (61)) gives higher up to the second-order contributions 
in . Therefore the first-order corrections to the Lagrangian come only from the second 
term in eq. (61), and thus the action whose Lagrangian is corrected up to the first-order in 
noncommutative parameters takes the form 

S=-\J d 4 x (det0T* e^e abcd (F$Fg + F*»F$ + F%F$n) . (74) 

Note that the first-order corrections do not vanish for a general 9' ML '(x), which also occurs [18] 
to the noncommutative SL(2, C) gravity. If we take the case 9^ u = const, which corresponds 
to the canonical noncommutative spacetime, F^t^ vanishes. As a result, the action eq. (74) 
reduces to eq. (14) related to the commutative space just up to a constant coefficient of 
proportionality. This coincides with [14, 23] the consequence that the first-order corrections 
vanish on the canonical noncommutative space. 

4 Conclusion 

In this paper, by following the method of constructing the classical Einstein's gravity from 
the i7(2, 2) gauge theory, we provide a deformed gravity model on a noncommutative space 
with a symplectic structure. In order to obtain the gauge invariant action (eq. (32)), we define 
each quantity by carefully considering its gauge transformation; see, for instance, eqs. (23), 
(24), (29) and (30). Then we calculate the noncommutative field strength to the first order 
in and express it in its components of the u(2, 2) algebra generators. Substituting these 
formulas into the action (eq. (32)), we obtain the noncommutative {7(2,2) gauge theory 
in terms of the noncommutative quantities presented by hats. As the Seiberg-Witten map 
connects noncommutative quantities with commutative ones, we thus use this map to rewrite 
the noncommutative field strength in terms of commutative quantities still to the first order 
in O^; see eq. (65). Furthermore, we impose the constraints (eq. (66)) and therefore break 
group {7(2,2) to 50(1, 3). Because the noncommutative field strength has been expressed 
by the commutative gauge field and its strength, we are able to impose the constraints at 
the commutative level. Consequently we obtain the components of the noncommutative 
field strength in terms of their commutative counterparts; see eqs. (69)-(73). Substituting 
eqs. (69), (70) and (73) into eq. (61), we finally give the action of noncommutative gravity. 

We note that unlike the commutative theory the first term in eq. (61) does not vanish 
in general. However, this term has no contributions to the Lagrangian when we consider the 
corrections only up to the first order in 6^. As noted in ref. [18] for the SL(2, C) gravity, 
we may not expect the vanishing first-order correction in the {7(2,2) case. Moreover, we do 
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not think the first-order correction in the Lagrangian can be gauged away. If that was the 
case, the Riemannian curvature would be gauged away, too. However, it is impossible for 
a general curved spacetime. As a consequence, the result obtained in this paper, though 
different from that given by ref. [17], coincides with our previous work [18] for the SL(2, C) 
gravity. Furthermore, on the canonical noncommutative space with constant 9^, we find 
that the first-order correction to the Lagrangian vanishes (see eq. (74)), which is consistent 
with that of refs. [14, 23]. 
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